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COMPACT AND LIMITED OPERATORS.
M. BACHIR∗, G. FLORES† AND S. TAPIA-GARCI´A†
Abstract. Let T : Y → X be a bounded linear operator between two normed spaces. We characterize
compactness of T in terms of differentiability of the Lipschitz functions defined on X with values in another
normed space Z. Furthermore, using a similar technique we can also characterize finite rank operators in
terms of differentiability of a wider class of functions but still with Lipschitz flavour. As an application we
obtain a Banach-Stone-like theorem. On the other hand, we give an extension of a result of Bourgain and
Diestel related to limited operators and cosingularity.
Keywords: Compact Operator, Limited operator, Gaˆteaux differentiability, Fre´chet differentiability, co-
Lipschitz function, Delta-convex function.
1. Introduction
It is a well-known fact that differentiability in the sense of different bornologies implies distinct properties
of the functions depending on the chosen bornology. In this sense, the most common bornologies are those
of finite, compact and bounded sets. Each one of them is related to some type of differentiability, more
precisely Gaˆteaux, Hadamard and Fre´chet, respectively (see [19]). It is shown in [4] that we can characterize
limited operators in terms of differentiability of convex functions via the composition with the operator (see
Theorem 1.3 below). To understand the mentioned result, recall the following definitions introduced by
Bourgain and Diestel in [8].
Definition 1.1. Let X be a Banach space. A subset A of X is called limited if
pn
∗
⇀ 0 =⇒ lim
n→∞
sup
x∈A
|〈pn, x〉| = 0,
that is, if every weak-∗ null sequence converges uniformly on A.
Definition 1.2. Let X, Y be Banach spaces and T : Y → X a bounded linear operator. T is called limited
if T (B) is limited for every bounded B ⊂ Y . Equivalently, if ‖T ∗pn‖
n→∞
−→ 0 whenever pn
∗
⇀ 0.
We know that every relatively compact subset of X is limited, but the converse is false in general. For
useful properties of limited sets and limited operators we refer to [8]. Considering this, the result in [4] goes
as follows.
Theorem 1.3. Let X, Y be Banach spaces, U be a convex open subset of X and T : Y → X be a bounded
linear operator. Then, T is limited if and only if for every convex continuous function f : U → R, f ◦ T is
Fre´chet differentiable at y ∈ Y whenever f is Gaˆteaux differentiable at Ty ∈ U .
In this sense, a limited operator transforms (for convex functions) Gaˆteaux differentiability (the weaker
type) into Fre´chet differentiability (the stronger type) via composition. But considering this, we can go
further. In this article we prove (see Theorem 3.1 and Theorem 3.10) an analogue to Theorem 1.3, by replacing
convex continuous functions (resp. limited operator) by Lipschitz functions (resp. compact operators). We
also extend this idea to characterize finite-rank operators in the same spirit (see Theorem 5.3). Another way
to express these results is the fact that in infinite dimensions, what prevents a continuous convex function
f : X → R which is Gaˆteaux differentiable at some point, from being Fre´chet differentiable at the same
point, is the fact that the identity operator on X is not limited, whereas what prevents a general Lipschitz
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function which is Gaˆteaux differentiable to be Fre´chet differentiable is the fact that the identity on X is not
a compact operator. The non-compactness of the identity operator in infinite dimension is the well known
Riesz theorem. On the other hand, the fact that the identity operator is not limited in infinite dimension
has been discovered independently by Josefson in [15] and Nissenzweig in [18].
This paper is organized as follows. In Section 2, we give some useful notation and definitions. In Section 3,
we prove our first main result Theorem 3.1 (and its smooth version Theorem 3.10) which gives a connection
between compact operators and differentiability of Lipschitz functions. As an application, we obtain a
Banach-Stone-type theorem in Theorem 3.12. In Section 4, we give our second main result Theorem 4.5,
which is an extension of the Bourgain-Diestel result in [8]. In Section 5, we prove our third main result
Theorem 5.3, which gives a connection between finite-rank operators and differentiability of finitely Lipschitz
functions (see Definition 5.1).
2. Some Notation and Definitions.
Throughout this paper X , Y and Z always denote normed spaces. By B(x, r) and B(x, r) we denote the
open and closed balls centered at x and of radius r, respectively, while BX and BX denote the open and
closed unit ball, respectively, and by SX its unit sphere. We write explicitly the underlying space if needed. If
A is a subset of X , by Ac we denote the complement of A in X , that is X \A. If V ⊂ X and f : U ⊂ X → Z,
then we denote f |V as the restriction of f to U ∩ V . Lipschitz functions and some variations will be often
used. Recall the following definitions.
Definition 2.1. Let X and Z be normed spaces. We say that a function f : U ⊂ X → Z is locally Lipschitz if
for every u ∈ U there exist constants r, L > 0 such that ‖f(x)−f(y)‖ ≤ L‖x−y‖ for every x, y ∈ U ∩B(u, r).
When there exists a constant L > 0 such that the last inequality is valid for every x, y ∈ U , we say that the
function is Lipschitz.
We denote by Lip(U,Z) the linear space of Lipschitz functions from U to Z and by Lipx0(U,Z) the subspace
of functions f ∈ Lip(U,Z) which vanish at some fixed point x0 ∈ U . The space Lipx0(U,Z) endowed with
the norm
‖f‖Lip := sup
x,y∈U,x 6=y
‖f(x)− f(y)‖
‖x− y‖
is a Banach space. In the case Z = R, we simply write Lip(U) and Lipx0(U).
The set (Cb(X), ‖ · ‖∞) denotes the Banach space of all real-valued bounded continuous functions on X ,
equipped with the sup-norm. By CGb (X) we denote the space of all bounded, Lipschitz, Gaˆteaux-differentiable
functions f from X into R. Let CFb (X) be the space of all bounded, Lipschitz, Fre´chet-differentiable functions
f from X into R. These spaces are equipped with the norm ‖f‖ = max(‖f‖∞, ‖f ′‖∞). Recall that by the
mean value theorem, we have for every f ∈ CGb (X) that
‖f ′‖∞ = sup
x,x∈X;x 6=x
|f(x)− f(x)|
‖x− x‖
= ‖f‖Lip.
The spaces CGb (X) and C
F
b (X), endowed with the mentioned norm, are Banach spaces (See, [10]).
3. Differentiability and compact operators
In this section, we present a result in the line of [4, Theorem 1], which is a nice characterization of limited
operators in terms of the differentiability of convex functions. In our case, we give a characterization of
compact operators in terms of differentiability of Lipschitz functions. The main result of this paper reads as
follows.
Theorem 3.1. Let X and Y be Banach spaces, U ⊂ X an open set and T : Y → X a bounded linear
operator. Then T is compact if and only if for every Banach space Z and every locally Lipschitz function
f : U → Z, f ◦ T is Fre´chet differentiable at y ∈ Y whenever f is Gaˆteaux differentiable at Ty ∈ U .
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The ideas for the proofs of Theorem 3.1 (and also of Theorem 5.3) are motivated by the following example,
in which we find a Lipschitz function f : ℓ∞(N)→ R which is Gaˆteaux-differentiable at 0 and its restriction
to c0(N) is not Fre´chet-differentiable at 0. This type of function cannot exist if the function f is assumed to
be convex instead of merely Lipschitz, since the canonical isometry of c0(N) into ℓ
∞(N) is a limited operator
(see Theorem 1.3 and [4]).
Recall that the core of a set A ⊂ X is the subset core(A) ⊂ A defined by the points x ∈ A such that for
all y ∈ X , there exists ty > 0 such that x + ty ∈ A for all t ∈ [0, ty). It is easily seen that int(A) ⊂ core(A).
Let f : X → R be a function. By supp(f) we denote the set {x ∈ X : f(x) 6= 0}.
We need the following elementary result.
Proposition 3.2. Let f : X → R be a function such that 0 ∈ core(X \ supp(f)). Then the function f is
Gaˆteaux-differentiable at 0 and dGf(0) = 0.
Proof. Take any h ∈ X . Since 0 ∈ core(X \ supp(f)), there exists δ > 0 such that th ∈ X \ supp(f)
for every |t| < δ, which implies f(th) = 0 for every |t| < δ. From this we conclude directly that f is
Gaˆteaux-differentiable at 0, with dGf(0) = 0. 
Example 3.3. There exists a Lipschitz function f : ℓ∞(N)→ R which is Gaˆteaux-differentiable at 0 and its
restriction to c0(N) is not Fre´chet-differentiable at 0.
Proof. Consider the sequence (yn)n ⊂ ℓ∞(N) defined by yn =
1
nen, where en is the n-th canonical coordinate.
Consider the set Cn = B(yn,
1
3n )
c and C = ∩nCn. Consider the function f : ℓ∞(N)→ R defined by
f(x) = d(x,C) = inf{‖x− z‖ : z ∈ C},
which is known to be 1-Lipschitz. Since 0 belongs to the core of C, by Proposition 3.2, we get that f is
Gaˆteaux-differentiable at 0 and its differential is dGf(0) = 0. To show that the restriction of f to c0 is not
Fre´chet-differentiable at 0, it suffices to notice that (yn)n ⊂ c0 and
lim inf
n→∞
f(yn)− f(0)
‖yn‖
≥ lim inf
n→∞
1/3n
1/n
=
1
3
6= 0.

In the construction of the function in the above example, we used without further detail that the unit
vectors of ℓ∞(N) are “sufficiently separated” (meaning that they are at distance 1 to each other) and they
belong to the image of the canonical injection ι : c0(N) → ℓ∞(N), which is not compact. For a proof in a
general setting, we need to adapt this idea to obtain a sequence of vectors with the aforementioned property
and use them in order to obtain a Lipschitz function that has the required property.
Before proceeding with the proof of our result, we need the following useful proposition.
Proposition 3.4. In the context of Theorem 3.1, the following are equivalent
(1) For every locally Lipschitz function f : U → Z it holds that f ◦ T is Fre´chet-differentiable at y ∈ Y
whenever f is Gaˆteaux-differentiable at Ty ∈ U .
(2) For every Lipschitz function f : X → Z it holds that f ◦T is Fre´chet-differentiable at y ∈ Y whenever
f is Gaˆteaux-differentiable at Ty ∈ X.
(3) For every Lipschitz function f : X → Z it holds that f ◦T is Fre´chet-differentiable at 0 ∈ Y whenever
f is Gaˆteaux-differentiable at 0 ∈ X.
(4) For every Lipschitz function f : X → R it holds that f ◦T is Fre´chet-differentiable at 0 ∈ Y whenever
f is Gaˆteaux-differentiable at 0 ∈ X.
Proof. It suffices to prove that (4) implies (3) (implications (1) =⇒ (2) =⇒ (3) =⇒ (4) are trivial, while
(2) =⇒ (1) and (3) =⇒ (2) are simple by noticing that differentiability notions are local and using translations,
respectively).
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Suppose that f : X → Z is a Lipschitz function which is Gaˆteaux-differentiable at 0 and f ◦ T is not
Fre´chet-differentiable at 0. Consider g : X → R given by g(x) = ‖f(x)− f(0)− dGf(0)x‖ (which is trivially
Lipschitz). We show that g is Gaˆteaux-differentiable at 0 and g ◦ T is not Fre´chet-differentiable at 0, which
leads to a contradiction. For h ∈ SX and t > 0 we have that
g(th)− g(0)
t
=
‖f(th)− f(0)− tdGf(0)h‖
t
t→0
−→ 0,
which implies that g is Gaˆteaux-differentiable at 0, with dGg(0) = 0. But for t > 0
sup
h∈SX
|(g ◦ T )(th)− (g ◦ T )(0)− t(dGg(0) ◦ T )h|
t
=
sup
h∈SX
‖(f ◦ T )(th)− (f ◦ T )(0)− t(dGf(0) ◦ T )h‖
t
which does not converge to 0 whenever t goes to 0, since f ◦ T is not Fre´chet-differentiable at 0.

To get the results, it suffices to work with statement (4) in Proposition 3.4.
3.1. Characterization of compactness. We begin this subsection with a definition and two results that
consist of a central part of the proof of Theorem 3.1. Recall that for a convex set A, the generated cones
cone{A} is the set {λa : λ > 0, a ∈ A}.
Definition 3.5. Let (xn)n ⊂ X be a bounded sequence. We say that (xn)n is β-separated if ‖xn‖ = ‖xm‖
for every n,m ∈ N and there exists β > 0 such that ‖xn − xm‖ ≥ β if n 6= m. Furthermore, we say that the
sequence (xn)n is β-cone-separated if the pairwise intersection of the generated cones cone{B(xn, β)} is {0}.
In the case of ℓ∞(N), the canonical sequence of coordinates (en)n is 1-separated and (
1
2−ε)-cone separated,
with ε ∈ (0, 12 ), and as the next proposition shows, this is not an special behaviour.
Proposition 3.6. Let (xn)n ⊂ X be a sequence which is β-separated, then it is β/4-cone-separated.
Proof. Let x ∈ X \ {0} and 0 < α < ‖x‖. We will first show that the set
Pα(x) :=
{
‖x‖
‖y‖
y : y ∈ B(x, α)
}
is contained in B(x, 2α). Let y ∈ B(x, α), then:∥∥∥∥x− ‖x‖‖y‖y
∥∥∥∥ ≤ ‖x− y‖+
∥∥∥∥y − ‖x‖‖y‖y
∥∥∥∥
= ‖x− y‖+ |‖y‖ − ‖x‖| ≤ 2‖x− y‖ < 2α.
Now if (xn)n is a β-separated sequence, consider for each n ∈ N the sets Pβ/4(xn). With this, Pβ/4(xn) ⊂
B(xn,
β
2 ) for each n ∈ N which by definition of β-separated implies that the family (Pβ/4(xn))n is pairwise
disjoint. Suppose that there exists n 6= m such that
cone{B(xn, β/4)} ∩ cone{B(xm, β/4)} 6= {0}
and take y 6= 0 belonging to this intersection. By definition, there exist a, b > 0 and y1 ∈ B(xn, β/4),
y2 ∈ B(xm, β/4) such that y = ay1 = by2. Since ‖xn‖ = ‖xm‖, we see that
‖xn‖
‖y‖
y =
‖xm‖
‖y‖
y
Equivalently,
‖xn‖
‖y1‖
y1 =
‖xm‖
‖y2‖
y2.
This implies that Pβ/4(xn) ∩ Pβ/4(xm) 6= ∅, which is a contradiction. We conclude that (xn)n is β/4-cone-
separated 
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Lemma 3.7. Let T : Y → X be a bounded operator which is not compact. Then there exists β > 0 and a
β-separated sequence (xn)n in X such that xn = Tyn and (yn)n is bounded on Y .
Proof. Since TBY is not a relatively compact subset of X , there exists a sequence (zn)n ⊂ TBY without
cluster points. Without lose of generality, we can assume that for some α > 0 and for all n ∈ N, ‖zn‖ ≥ α.
Let us define the sequence (xn)n ⊂ X by xn := αzn/‖zn‖, for all n ∈ N. Notice that (xn)n ⊆ TBY . Since
(zn)n does not have cluster points, then neither does (xn)n. With this, since A = {xn : n ∈ N} ⊂ TBY ∩αSX
is a not relatively compact, bounded set, it cannot be totally bounded. Thus, there exists β > 0 such that
A cannot be covered by finitely many balls of radius β. Finally, leaving out eventually some points of A, we
can construct a β-separated sequence in TBY ∩ αSX . 
Remark 3.8. In the beginning of the proof of Lemma 3.7 we used that TBY is not compact. However, the
result is more general. In fact, in the same way we can prove that if Z is an infinite dimensional subspace of
X , then for some β > 0 there exists a β-separated sequence in Z. In the case that T is compact, we will find
a β-separated sequence in TY if and only if TY is infinite dimensional. However, in this case the associated
sequence (yn)n cannot be bounded.
Now we are able to present the proof of the main theorem.
Proof of Theorem 3.1. In [6, Lemma 3.1], M. Bachir and G. Lancien proved the necessity, which we include
for the sake of completeness. Suppose that T is compact, Z is a Banach space and f : U ⊂ X → Z is locally
Lipschitz and Gaˆteaux differentiable at Ty. Since f is locally Lipschitz and Gaˆteaux differentiable at Ty, we
deduce that it is Hadamard differentiable at Ty. Then, if dHf(Ty) denotes the Hadamard differential of f
at Ty we will have for t > 0
sup
h∈BY
‖(f ◦ T )(y + th)− (f ◦ T )(y)− t(dHf(Ty) ◦ T )h‖
|t|
= sup
k∈TBY
‖f(Ty+ tk)− f(Ty)− tdHf(Ty)k‖
|t|
.
From this, since TBY is compact, we deduce that if we take limit of t→ 0 in the above expresion, the result
is 0. With this, f ◦ T is Fre´chet differentiable at y, being its Fre´chet differential equal to dHf(Ty) ◦ T .
On the other hand, for the sufficiency we proceed by contradiction. Applying Proposition 3.4 we will
construct a Lipschitz function f : X → R. Assume that T : Y → X is a noncompact bounded operator. Let
(xn)n := (Tyn)n ⊂ TBY be a β-separated sequence given by Lemma 3.7, with (yn)n ⊂ BY . For each n ∈ N,
consider the set Cn ⊂ X defined by Cn = B(
xn
n ,
β
4n )
c = X \B(xnn ,
β
4n ) and C := ∩nCn. By Proposition 3.6,
0 belongs to the core of C since each line passing through 0 intersects at most one set of the sets B(xnn ,
β
4n ).
By Proposition 3.2, the function f : X → R defined by f(x) = d(x,C) (which is 1-Lipschitz) is Gaˆteaux
differentiable at 0 with differential dGf(0) = 0. However, we notice that:
lim inf
n→∞
(f ◦ T )(yn/n)− (f ◦ T )(0)
‖yn/n‖
= lim inf
n→∞
β
4n − 0
‖yn/n‖
≥
β
4 infn{‖yn‖}
> 0,
which shows that f ◦ T is not Fre´chet differentiable at 0, since the sequence (yn/n)n goes to 0. 
As consequence, we obtain that in infinite dimentional Banach space Y , the set of all Lipschitz continuous
functions that vanish at 0, which are Gaˆteaux differentiable but not Fre´chet differentiable at 0, contains a
subspace isometric to ℓ∞(N). More generally, we have the following corollary.
Corollary 3.9. Let T : Y → X be a non compact bounded operator. Let F ⊂ Lip0(X) be the set defined as
follows: f ∈ F if and only if f is Gaˆteaux differentiable at 0 and f ◦ T is not Fre´chet differentiable at 0 or
f ≡ 0. Then, F contains a subspace isometric to ℓ∞(N).
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Proof. Consider as before a β-separated sequence (xn)n ⊂ TBY and one of its asociated sequences on
Y ; (yn)n ⊂ BY such that Tyn = xn. For every p ∈ N prime define the sets Cp,n = B(
xpn
pn ,
β
4pn )
c and
Cp := ∩nCp,n. Just as before, the functions fp(x) = d(x,Cp) are 1-Lipschitz, Gaˆteaux differentiable at 0
and such that the compositions fp ◦ T are not Fre´chet differentiable at 0. In the following (pi)i stands for
an enumeration of the prime numbers. We have that (fpi)i ⊂ Lip0(X) are linearly independent, since their
supports are disjoint. Moreover, if µ ∈ ℓ∞(N), the function
fµ(x) := sup
i∈I+
µifpi(x)− sup
i∈I−
−µifpi(x),
where I+ = {n ∈ N : µn ≥ 0} and I− = N \ I+, is well defined and ‖µ‖∞-Lipschitz. That is, the operator
L : ℓ∞(N)→ Lip0(X) given by Lµ = fµ is an isometry. By Proposition 3.6, is easy to see that 0 ∈ core (∩iCpi)
and by Proposition 3.2, Lµ is Gaˆteaux differentiable at 0. But if µ 6= 0, fµ is not Fre´chet differentiable at 0,
since if µk 6= 0, then
lim inf
n→∞
(fµ ◦ T )(ypn
k
/pnk)− (fµ ◦ T )(0)
‖ypn
k
/pnk‖
= lim inf
n→∞
fpk(xpnk /p
n
k)− fpk(0)
‖ypn
k
/pnk‖
≥ lim inf
n→∞
β
4pn
k
− 0
‖ypn
k
/pnk‖
≥
β
4 infn{‖yn‖}
> 0.

This corollary says that the set F defined there is c-lineable, meaning that it contains an isometric copy
of a normed space of dimension c. More on lineability and spaceability can be found in [2], [1], [14] and [9].
An interesting case in this framework is whenever the space X admits a smooth bump function. We
understand by a bump function a nonnegative continuous function b : X → R different from 0 and with
bounded support. The existence of a bump function b ∈ CGb (X) (resp b ∈ C
F
b (X)) is not always trivial and
requires in general some geometrical properties on the underlying Banach space X . For more information
about smooth bump functions in infinite dimensional Banach spaces, we refer to the book of Deville, Godefroy
and Zizler [11] and the survey [13].
Theorem 3.10. Let X and Y be Banach spaces, U ⊂ X an open set and T : Y → X a bounded linear
operator. Assume that X admits a Lipschitz Gaˆteaux differentiable bump function b : X → R. Then T is
compact if and only if for every bounded Lipschitz, everywhere Gaˆteaux differentiable function f : U → R,
f ◦ T is everywhere Fre´chet differentiable.
Proof. The necessity is a particular case of Theorem 3.1. On the other hand, we assume that T is a non-
compact operator and we will construct a bounded Lipschitz and Gaˆteaux differentiable function f : X → R
such that f ◦ T fails to be Fre´chet differentiable. Let b : X → R a bump Lipschitz, Gaˆteaux differentiable
function such that b(0) > 0 and supp(b) ⊂ BX . Let (xn)n = (Tyn)n ⊂ TBY be a β-separated sequence
given by Lemma 3.7, with (yn)n ⊂ Y a bounded sequence. For each n ∈ N, we define bn : X → R by
bn(·) = b(n(· − xn))/n and f =
∑∞
i=0 bn. Since the functions {bn : n ∈ N} have pairwise disjoint support
and have uniformly bounded Lipschitz constant, f is Lipschitz. Moreover, by construction f is Gaˆteaux
differentiable on X . Now, the proof follows in a similar way as Theorem 3.1, leading to that f is not Fre´chet
differentiability at 0. We leave the details to the reader. 
3.2. Application to a Banach Stone Like Theorem. The following definition was introduced in [5] (see
also [3]) and the following axioms in [3].
Definition 3.11. (The property PF ) Let (X, d) be a complete metric space and (A, ‖ · ‖) be a closed
subspace of Cb(X) (the space of all real-valued bounded continuous functions on X). We say that A has the
property PF if, for each sequence (xn)n ⊂ X, the two following assertions are equivalent:
(1) The sequence (xn)n converges in (X, d).
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(2) The associated sequence of the Dirac masses (δxn)n converges in (A
∗, ‖ · ‖∗), where the Dirac mass
associated to a point x ∈ X, is the linear continuous form δx : ϕ 7→ ϕ(x) for each ϕ ∈ A.
Axioms. Let (X, d) be a complete metric space and A be a space of functions included in Cb(X). We say
that the space A satisfies the axioms (A1)-(A
F
4 ) if the space A satisfies:
(A1) The space (A, ‖ · ‖) is a Banach space such that ‖ · ‖ ≥ ‖ · ‖∞,
(A2) The space A contain the constants,
(A3) For each n ∈ N there exists a positive constant Mn such that for each x ∈ X there exists a function
hn : X → [0, 1] such that hn ∈ A, ‖hn‖ ≤Mn, hn(x) = 1 and diam(supp(hn)) <
1
n+1 . This axiom implies in
particular that the space A separate the points of X ,
(AF4 ) the space A has the property P
F .
A simple adaptation of the proof in [5, Proposition 2.5.], shows that the spaces CGb (X) and C
F
b (X) have
the property PF for every Banach spaceX . In addition, we assume that these spaces contain a bump function
respectively, then they will satisfy the axiom (A3). Thus, the spaces C
G
b (X) and C
F
b (X) satisfy the axioms
(A1)-(A
F
4 ) whenever they contain a bump function respectively, and so we can apply the extension of the
Banach-Stone theorem established in [3, Corollary 1.3.]. This is what we are going to do in Theorem 3.12,
using our previous Theorem 3.10.
Theorem 3.12. Let X and Y be Banach spaces having a bump function in CGb (X) and C
F
b (Y ) respectively
(see [10]). Then, the following assertions are equivalent.
(1) There exists an isomorphism Φ : CGb (X) → C
F
b (Y ) such that ‖Φ(f)‖∞ = ‖f‖∞ and ‖(Φ(f))
′‖∞ =
‖f ′‖∞ for all f ∈ CGb (X)
(2) X and Y are isometrically isomorphic and of finite dimension.
The proof will be given after the following lemma.
Lemma 3.13. For every a, b ∈ X, we have
‖a− b‖ = sup
f∈CF
b
(X)\{0},‖f ′‖∞>0
|f(a)− f(b)|
‖f ′‖∞
= sup
f∈CG
b
(X)\{0},‖f ′‖∞>0
|f(a)− f(b)|
‖f ′‖∞
Proof. By the Hanh-Banach theorem, there exists pa,b ∈ BX∗ such that be ‖a− b‖ = pa,b(a − b). For each
ω > 0, let αω : R→ R such that αω ∈ CFb (R), 1-Lipschitz and
αω(t) =


t if |t| ≤ ω
ω + 1 if t ≥ ω + 2
−ω − 1 if t ≤ −ω − 2
Let us consider the function fω(x) = αω ◦pa,b(x), for all x ∈ X . We have that fω ∈ CFb (X) and is 1-Lipschitz
for every ω > 0. By choosing ω0 ≥ 2max(‖a‖, ‖b‖)
|fω0(a)− fω0(b)| = |αω0 ◦ pa,b(a)− αω0 ◦ pa,b(b)|
= |pa,b(a)− pa,b(b)|
= |pa,b(a− b)|
= ‖a− b‖.
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Therefore, ‖f ′ω0‖∞ = 1. It follows that
‖a− b‖ ≥ sup
f∈CG
b
(X)\{0},‖f ′‖∞>0
|f(a)− f(b)|
‖f ′‖∞
≥ sup
f∈CF
b
(X)\{0},‖f ′‖∞>0
|f(a)− f(b)|
‖f ′‖∞
≥ |fω0(a)− fω0(b)|
= ‖a− b‖

Proof of Theorem 3.12. Since Φ is an isomorphism for the norm ‖ · ‖∞, then from [3, Corollary 1.3.], there
exists an homeomorphism T : Y → X and a continuous function ǫ : Y → {±1} such that Φ(f)(y) =
ǫ(y)f ◦ T (y) for all f ∈ CGb (X) and all y ∈ Y . Since the space Y is a connected space, we have that ǫ = 1 or
ǫ = −1. Replacing Φ by −Φ if necessary, we can assume without loss of generality that Φ(f) = f ◦ T for all
f ∈ CGb (X). We are going to prove that T is an isometry. Let y1, y2 ∈ Y . Using Lemma 3.13 and the fact
that ‖(Φ(f))′‖∞ = ‖f ′‖∞ for all f ∈ CGb (X), we have
‖T (y1)− T (y2)‖ = sup
f∈CG
b
(X)\{0},‖f ′‖∞>0
|f(T (y1))− f(T (y1))|
‖f ′‖∞
= sup
f∈CG
b
(X)\{0},‖f ′‖∞>0
|f ◦ T (y1)− f ◦ T (y2)|
‖f ′‖∞
= sup
f∈CG
b
(X)\{0},‖f ′‖∞>0
|Φ(f)(y1)− Φ(f)(y2)|
‖(Φ(f))′‖∞
= sup
g∈CF
b
(Y )\{0},‖g′‖∞>0
|g(y1)− g(y2)|
‖g′‖∞
= ‖y1 − y2‖
Thus, T : Y → X is a surjective isometry. From Mazur-Ulam theorem [22], T is an affine map, equivalently
T−T (0) is linear. Finally, T−T (0) is a linear surjective isometry from Y ontoX . SoX and Y are isometrically
isomorphic. On the other hand, since f ◦ T ∈ CFb (Y ), whenever f ∈ C
G
b (X), then T − T (0) is a compact
operator by Theorem 3.10, which implies thanks to Riesz lemma that X and Y are finite dimensional. Thus,
X and Y are finite dimensional and isometrically isomorphic. The converse is clear. Indeed, since Gaˆteaux
and Fre´chet differentiability coincides for Lipschitz functions in finite dimensional Banach space, we have that
CGb (X) = C
F
b (X). On the other hand, if T : Y → X is an isometric isomorphism, then the operator given
by Φ(f) = f ◦ T is an isomorphism between CFb (X) and C
F
b (Y ) satisfying the two desired conditions. 
Proposition 3.14. Let X, Y be Banach spaces and T : Y → X be a bounded linear operator. Then, the
following assertions are equivalent.
(1) T is compact operator with dense range
(2) The operator Φ : CGb (X)→ C
F
b (Y ) defined by Φ(f) = f ◦ T is a well-defined injective bounded linear
operator.
Proof. Suppose that T is compact, then f ◦ T ∈ CFb (Y ) whenever f ∈ C
G
b (X) by [6, Lemma 3.1.], so Φ
maps CGb (X) into C
F
b (Y ). By the density of the range of T , Φ is injective. Then, it is clear that Φ is a
bounded linear operator satisfying ‖Φ(f)‖∞ ≤ ‖f‖∞ and ‖(Φ(f))′‖∞ ≤ ‖f ′‖∞‖T ‖ for all f ∈ CGb (X). For
the converse, since Φ maps CGb (X) into C
F
b (Y ), then by Theorem 3.10 the operator T is compact. Suppose
by contradiction that T (Y ) 6= X . There exists x0 ∈ X such that x0 6∈ T (Y ). By the Hanh-Banach theorem,
there exists a linear continuous form p ∈ X∗ such that p(x0) = 1 and pT (Y ) = 0. Let α : R→ R be such that
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α ∈ CFb (R) and
α(t) =


2t− 1 if 1 ≤ t ≤ 2
4 if t ≥ 4
0 if t ≤ 0
Let us define f0(x) = α ◦ p. Thus, f0 ∈ CGb (X) and we have f0 ◦ T = 0. Thus, Φ(f0) = Φ(0) = 0 but f0 6= 0
since f0(x0) = 1. This contradict the injectivity of Φ. 
4. Limited operators and co-Lipschitz delta-convex mappings
We recall the following definition introduced in [7] and studied in several papers (see for instance [17] and
[20]).
Definition 4.1. Let X and E be two metric spaces and f : X → E be a mapping. We say that f is
co-Lipschitz, if there exists a constant c > 0 such that for all x ∈ X and all r > 0 we have
B(f(x), cr) ⊂ f(B(x, r)).
The co-Lipschitz property is intimately related with the metric regularity of functions, since if a function
f : X → E is co-Lipschitz, then is metrically regular near (x, f(x)) for every x ∈ X . The definition (and
more) of metric regularity of multivalued functions can be found in [16], [21] and references therein. We also
recall the definition of delta-convex mapping introduced by Vesely´ and Zaj´ıcˇek in [23].
Definition 4.2. Let X and E be two Banach spaces and h : X → E be a map. We say that h is d.c
mapping, that is delta-convex mapping if and only if, there exists a convex continuous function, called a
control function, g : X → R, such that e∗ ◦ h+ g is convex continuous for every e∗ ∈ E∗.
Theorem 4.3. (see [12, Theorem 4.]) Let X and E be two Banach spaces and h : X → E be a d.c mapping
with a control function g. If g is Fre´chet-differentiable at x then, h is Fre´chet-differentiable at x.
Example of Fre´chet-differentiable not linear d.c mapping. Every linear bounded mapping is trivially a
Fre´chet-differentiable d.c mapping, but the class of d.c mappings with Fre´chet-differentiable control function
is larger. We know, for example, from [23, Proposition 1.11.] that if H is a Hilbert space and Y is any
normed space, then every C1,1 mapping h : H → Y is d.c with a control function Lip(h′)‖ · ‖2 (which is
an everywhere Fre´chet-differentiable control function). For interesting results about d.c Lipschitz isomorphic
normed spaces, we refer to [12]. We need the following proposition.
Proposition 4.4. Let X,Y be a Banach spaces and h : X → Y be a continuous d.c mapping with a control
function g. Let f : Y → R be a convex continuous function. Then, f ◦ h+ g is convex continuous.
Proof. Since h is d.c mapping , there exists a convex continuous function g : X −→ R, such that e∗ ◦ h+ g is
convex continuous for every e∗ ∈ Y ∗. By the Fenchel theorem, there exists a family of continuous linear maps
(e∗i )i∈I and real numbers (ci)i∈I , such that f(y) = supi∈I e
∗
i (y) + ci for all y ∈ Y . Thus, f(h(x)) + g(x) =
supi∈I{e
∗
i ◦ h(x) + ci + g(x)} for all x ∈ X . It follows that f ◦ h+ g is convex, since e
∗
i ◦ h+ ci + g is convex
for each i ∈ I. On the other hand, since f, h and g are continuous, then f ◦ h+ g is continuous. 
We recall that the Bourgain-Diestel theorem established in [8] says that: if a bounded linear operator
T : Y → X is limited then it is strictly cosingular, that is, the only Banach spaces E for which we can find a
linear bounded operator qX : X → E such that qX ◦T is surjective, are finite dimensional. This result applied
with the identity map, gives the well known Josefson-Nissenzweig theorem [15], [18], with another proof. We
give below an extension of the Bourgain-Diestel theorem, where the assumption of bounded linearity of qX
is replaced by the more general condition of co-Lipschitz d.c mapping. Our proof is based on Theorem 1.3
and the existence of convex Gaˆteaux not Fre´chet differentiable function at some point in infinite dimensional,
which is a result based on the Josefson-Nissenzweig theorem. For a canonical contruction of such functions, we
refeer to [4]. Thus, Theorem 1.3 together with Josefson-Nissenzweig theorem implies the following extension
of Bourgain-Diestel theorem.
10 M. BACHIR∗, G. FLORES† AND S. TAPIA-GARCI´A†
Theorem 4.5. (Extension of Bourgain-Diestel theorem ) Let T : Y → X be a bounded linear operator.
Then, we have that (1) =⇒ (2) =⇒ (3) =⇒ (4).
(1) T is limited operator.
(2) The only Banach spaces E for which we can find a d.c mapping qX : X → E with a control function
g Fre´chet-differentiable at 0 and such that qX(0) = 0 and BE(0, t) ⊂ qX ◦ T (BY (0, t)) for all t > 0,
are finite dimensional.
(3) The only Banach spaces E for which we can find a d.c mapping qX : X → E with a control function
g Fre´chet-differentiable at some point x0 and such that qX ◦T is co-Lipschitz, are finite dimensional.
(4) The only Banach spaces E for which we can find a linear bounded operator qX : X → E such that
qX ◦ T is surjective, are finite dimensional.
Proof. The implications (2) =⇒ (3) =⇒ (4) are trivial. Let us prove (1) =⇒ (2). In fact, we are going to
prove ¬(2) =⇒ ¬(1). Indeed, let E be an infinite dimensional Banach space. We can find a convex Lipschitz
continuous function f : E → R which is Gaˆteaux-differentiable but not Fre´chet-differentiable at 0, with
f(0) = 0 and f ′(0) = 0 (see a construction of such a function in [4]). Since f is not Fre´chet-differentiable at
0, then
(∃ ε > 0)(∀δ > 0)(∀t, 0 < t ≤ δ) sup
h∈BE(0,1)
t−1|f(th)| ≥ ε.
Suppose that qX : X → E is a d.c mapping with a control function g Fre´chet-differentiable at 0, such that
qX(0) = 0 and BE(0, t) ⊂ qX ◦ T (BY (0, t)), for all t > 0. Since f ′(0) = 0, the only candidate for Fre´chet-
derivative of f ◦ qX ◦ T at 0 is 0. But since qX(0) = 0 and BE(0, t) ⊂ qX ◦ T (BY (0, t)) for all t > 0, we have
for every 0 < t ≤ δ,
sup
h∈BY (0,1)
t−1|f ◦ qX ◦ T (th)| ≥ sup
h∈BE(0,1)
t−1|f(th)| ≥ ε.
This shows that f ◦qX ◦T is not Fre´chet-differentiable at 0. By Proposition 4.4, f ◦qX+g is convex continuous
and g is Fre´chet-differentiable at 0. Using Theorem 4.3, qX is Fre´chet-differentiable at 0, since its control
function g has that property. It follows that f ◦ qX+g is a convex continuous function Gaˆteaux-differentiable
at 0 = T (0). Suppose by contradiction that T is limited. Then, f ◦ qX ◦T +g ◦T is Fre´chet-differentiable at 0
by [4, Theorem 1.] which implies that f ◦ qX ◦T is Fre´chet-differentiable at 0 (since g ◦ T has that property)
which is a contradiction. Hence, T is not limited. 
Corollary 4.6. Let E be any infinite dimensional Banach space. Then, there exists no d.c mapping q :
ℓ∞(N)→ E with a control function g Fre´chet-differentiable at 0 such that the restriction q|c0(N) (to c0(N)) is
co-Lipschitz.
Proof. The proof follows from Theorem 4.5, since the canonical embedding from c0(N) into ℓ
∞(N) is a limited
operator (see [8]).

Remark 4.7. Every convex Lipschitz continuous function from f : c0(N) → R has a convex Lipschitz
continuous extension to ℓ∞(N), it suffices to consider the function
f˜(x) := inf
y∈c0(N)
{f(y) + L(f)‖x− y‖∞},
where L(f) denotes the Lipschitz constant of f . However, if a function f : c0(N)→ R is Gaˆteaux-differentiable
but not Fre´chet-differentiable at some point a ∈ c0(N), then f cannot have an extension to ℓ∞(N) which
is convex Lipschitz continuous and Gaˆteaux-differentiable at a. This is due to the fact that the identity
mapping i : c0(N) −→ ℓ∞(N) is a limited operator, and so by [4] every restriction to c0(N) of convex
Lipschitz continuous and Gaˆteaux-differentiable function at a, must be Fre´chet-differentiable at a.
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5. Finite Rank Operators
Our final aim is to shown how the idea of the proof of Theorem 3.1 can be used to characterize finite
rank operators. The forthcoming result involves the bornology generated by the bounded sets of X which
are contained in finite dimensional subspaces. To get this result, we introduce a new class of functions which
contains all the Lipschitz functions.
Definition 5.1. We say that a function f : U ⊂ X → Z is finitely locally Lipschitz if for every finite
dimensional affine subspace Y of X such that U ∩ Y 6= ∅, f |(Y ∩U) is locally Lipschitz. If every restriction
is Lipschitz, we simply say that f is finitely Lipschitz. We denote by FLip(U , Z) the linear space of finitely
Lipschitz functions from U ⊂ X to Z and by FLipx0(U , Z) the subspace of functions f ∈ FLip(X,Z) which
vanish at some fixed point x0 ∈ U . In the case Z = R, we simply write FLip(U) and FLipx0(U).
Remark 5.2. Let X and Z be two Banach spaces, U ⊂ X be any open set and x0 ∈ U . In case that X is
finite dimensional, it is clear that FLip(U) = Lip(U) (the same holds for the local concept), but in general
the inclusion Lip(U) ⊂ FLip(U) is strict (the same holds for the local concept). In fact, whenever U = X ,
the equality holds if and only if X is finite dimensional. This is easily seen by noticing that if ϕ is any not
bounded linear functional, then ϕ belongs to FLip(X)\Lip(X). As we can see, in infinite dimension a finitely
locally Lipschitz functions does not even need to be continuous.
Theorem 5.3. Let X and Y be Banach spaces, U ⊂ X be an open set and T : Y → X be a bounded linear
operator. Then T has finite rank if and only if for every Banach space Z and every finitely locally Lipschitz
function f : U → Z, f ◦ T is Fre´chet differentiable at y ∈ Y whenever f is Gaˆteaux differentiable at Ty ∈ U .
Remark 5.4. By similar arguments, we deduce a simplification of the statement of Theorem 5.3 as we did in
Theorem 3.1 (using Proposition 3.4). This means that for the sufficiency, we will show the proof for U = X ,
Z = R and y = 0.
Proof. The necessity part goes alongs the lines of the necessity of Theorem 3.1. Let T be a finite rank
operator and let f : U ⊂ X → Z be a locally finitely Lipschitz and Gaˆteaux differentiable at Ty ∈ U . Since
TY is a finite dimensional subspace of X , the function g := f |TY is Lipschitz and Fre´chet differentiable at
Ty. Then, if dF g(Ty) denotes the Fre´chet differential of g at Ty, we have that
sup
h∈BY
‖(f ◦ T )(y + th)− (f ◦ T )(y)− t(dF g(Ty) ◦ T )(h)‖
|t|
= sup
u∈TBY
‖f(Ty+ tu)− f(Ty)− tdF g(Ty)(u)‖
|t|
= sup
u∈TBY
‖g(Ty+ tu)− g(Ty)− tdF g(Ty)(u)‖
|t|
From the last line, since g is Fre´chet differentiable at Ty, we deduce that the first supremum goes to 0 when
t→ 0. Then f ◦ T is Fre´chet differentiable at y, being its Fre´chet differential equal to dGg(Ty) ◦ T .
To prove the sufficiency we will proceed by contradiction. Suppose that T : Y → X is a bounded operator
such that TY is infinite dimensional. By Remark 3.8 we have that there exists a β-separated sequence (xn)n
in TY . Since xn ∈ TY , for each n there exists yn ∈ Y such that Tyn = xn. Now, define the sequence of
subsets
Cn = B
(
xn
n‖yn‖
,
β
4n‖yn‖
)c
.
Since (xn)n is a β-separated sequence, by Proposition 3.6 we deduce that the family (C
c
n)n is pairwise disjoint.
With this, the functions fn : X → R given by
fn(x) = ‖yn‖d(x,Cn) n ∈ N
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are ‖yn‖-Lipschitz and have pairwise disjoint support. Consider now f : X → R given by
f(x) = sup
n
fn(x).
It is easy to see that this function is well defined.
We claim that f ∈ FLip(X). Let V be a finite dimensional affine subspace of X and suppose that V
intersects infinitely many of the sets (Ccn)n, namely (C
c
nk
)k. Take any sequence (vk)k such that vk ∈ V ∩Ccnk .
If we consider v′k := nk‖yk‖vk, we see that for k, j ∈ N
β ≤ ‖xnk − xnj‖ ≤ ‖xnk − v
′
k‖+ ‖v
′
k − v
′
j‖+ ‖v
′
j − xnj‖ ≤
β
2
+ ‖v′k − v
′
j‖.
which implies that (v′k)k ⊂ V does not have accumulation points, which is impossible because V is finite
dimensional and
‖v′k‖ ≤ ‖v
′
k − xnk‖+ ‖xnk‖ ≤
β
4
+M,
whereM = ‖xn‖ (for all n). Then, V intersects only finitely many of the sets (Ccn)n, namely (C
c
nk )
N
k=1. Since
the functions fn have pairwise disjoint support it follows that Lip(f |V ) ≤ max{‖ynk‖ : k = 1, ..., N}, which
proves the claim. Similar to the Theorem 3.1, we have that 0 belongs to the core of the complement of the
support of f . Thus, by Proposition 3.2 we deduce that f is Gaˆteaux differentiable at 0, and dGf(0) = 0.
However, we notice that:
lim inf
n→∞
f ◦ T (yn/n‖yn‖)− f ◦ T (0)
‖yn/n‖yn‖‖
= lim inf
n→∞
‖yn‖
β
4n‖yn‖
− 0
1
n
=
β
4
> 0,
which shows that f ◦ T is not Fre´chet differentiable at 0 since the sequence (yn/n‖yn‖)n goes to 0. 
Corollary 5.5. Let T : Y → X be a bounded operator with infinite rank. Then the set F ⊂ FLip(X) such
that f ∈ F if and only if f is Gaˆteaux differentiable at 0 and f ◦T is not Fre´chet differentiable at 0 or f ≡ 0,
contains a subspace algebraically isomorphic to ℓ∞(N).
Proof. This proof goes similar to Corollary 3.9 but with suitable modifications. Consider as before a β-
separated sequence (xn)n := (Tyn)n ⊂ TY . Let p ∈ N be a prime number and, for n ∈ N, define the set Cp,n
and the functions fpn , gp : X → R by
Cp,n = B
(
xpn
n‖ypn‖
,
β
4n‖ypn‖
)c
, fpn(x) = ‖yn‖dist(x,Cp,n),
and gp(x) = sup
n∈N
fpn(x).
Thanks to Theorem 5.3, we know that gp belongs to FLip(X), is Gaˆteaux differentiable at 0 and gp ◦ T is
not Fre´chet differentiable at 0. Let (pn)n be an enumeration of prime numbers. Since (xn)n is β-separated,
the sets {supp(gpn)n : n ∈ N} are pairwise disjoint. In a similar way as in the proof of Corollary 3.9, we can
deduce that the linear operator L : ℓ∞(N)→ FLip(X) given by
Lµ(x) := sup
i∈I+
µigpi(x) − sup
i∈I−
−µigpi(x),
where I+ = {n ∈ N : µn ≥ 0} and I− = N\I+, is well defined, injective and satisfies that for every µ ∈ ℓ∞(N)
µ 6= 0, Lµ is Gaˆteaux differentiable at 0, but Lµ ◦ T is not Fre´chet differentiable at 0. 
Remark 5.6. By construction, none of the functions f ∈ F evoked in Corollary 5.5 are Lispchitz, but
instead, they are finitely Lipschitz. Thus, if T : Y → X is a noncompact operator, then we can find two
subspaces of FLip(X), infinite dimensionals with uncountable Hammel basis, F1 and F2 (given by Corollary
3.9 and Corollary 5.5 respectively) such that satisfy for each f ∈ F1 ∪ F2, f is Gaˆteaux differentiable at 0,
f ◦T is not Fre´chet differentiable at 0. Since we can ensure that in F2 there are no Lipschitz function except
from 0, F1 ∩ F2 = {0}.
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Open question 5.7. In view of [4, Theorem 1], Theorem 3.1 and Theorem 5.3, it seems interesting to study
the case of weak-Hadamard differentiability, and furthermore the abstract framework of β-differentiability,
with β a given bornology onX . That is, since for a bornology β onX we can define a notion of differentiability:
Is it true that there exists a class of functions Fβ such that an operator T : Y → X sends the unit ball BY
to TBY ∈ β iff for each function f ∈ Fβ , f ◦ T is Fre´chet differentiable at y ∈ Y , whenever f is Gaˆteaux
differentiable at Ty? In [4] is shown that this is true whenever β is the bornology of limited sets, by using the
convex functions. We have shown the same result but for the Hadamard bornology by using the Lipschitz
functions and moreover, we have defined the finitely Lipschitz functions for the bornology generated by
bounded convex sets with finite dimensional span, which more or less corresponds to the convex version of
the Gaˆteaux bornology.
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